Abstract. We define analytic torsion of Z 2 -graded elliptic complexes as an element in the graded determinant line of the cohomology of the complex, generalizing most of the variants of Ray-Singer analytic torsion in the literature. It applies to a myriad of new examples, including flat superconnection complexes, twisted analytic and twisted holomorphic torsions, etc. The definition uses pseudo-differential operators and residue traces. We also study properties of analytic torsion for Z 2 -graded elliptic complexes, including the behavior under variation of the metric. For compact odd dimensional manifolds, the analytic torsion is independent of the metric, whereas for even dimensional manifolds, a relative version of the analytic torsion is independent of the metric. Finally, the relation to topological field theories is studied.
Introduction
In [13] , we investigated the analytic torsion for the twisted de Rham complex (Ω • (X, E), d E + H ∧ ·), where E is a vector bundle with a flat connection d E and H is a closed differential form of odd degree on a closed compact oriented manifold X. The novel feature of our construction was the necessary use of pseudo-differential operators and residue traces in defining the torsion. When X is odd dimensional, we showed that it was independent of the choice of metric. In this paper, we generalize this construction, by defining analytic torsion for an arbitrary Z 2 -graded elliptic complex as an element in the graded determinant line of the cohomology of the complex. The definition again uses pseudo-differential operators and residue traces. We also study properties of analytic torsion for Z 2 -graded elliptic complexes, including its behavior under variation of the metric. For compact odd dimensional manifolds, the analytic torsion is independent of the metric, whereas for even dimensional manifolds, only a relative version of the analytic torsion is independent of the metric.
We specialize this construction to several new situations where the analytic torsion can be defined. This includes the case of flat superconnection complexes and the analytic torsion of the twisted Dolbeault complex (Ω 0,• (X, E),∂ E + H ∧ ·), where E is a holomorphic vector bundle and H is a∂-closed differential form of type (0, odd) on a closed connected complex manifold X. When H is zero, this was first studied by Ray and Singer in [17] . Although the definition depends on a choice of Hermitian metric, we deduce from our general theory that a relative version of torsion, defined as a ratio of the twisted holomorphic torsions, is independent of the metric. (Of course they do depend on the complex structure.) Twisted holomorphic torsion is defined in several natural situations including, for Calabi-Yau manifolds, or whenever there is a holomorphic gerbe.
Finally, we explain how twisted analytic torsion appears in topological field theory with a twisted abelian Chern-Simons action functional.
For a more detailed literature review on analytic torsion and its variants, we refer to the introduction in [13] .
We briefly summarize the contents of the paper. §1 is on the definition of Z 2 -graded elliptic complexes. §2 provides the definition of the analytic torsion of a Z 2 -graded elliptic complex as an element in the graded determinant line of the cohomology of the complex. §3 contains functorial properties of the analytic torsion. §4 estabilshes the invariance of the analytic torsion under deformation of metrics in the odd dimensional case. §5 shows the invariance of the relative analytic torsion under deformation of metrics in the even dimensional case. §6 contains the definition and properties of analytic torsion of flat superconnections. §7 contains the definition and properties of the analytic torsion of twisted Dolbeault complexes. §8 relates the twisted analytic torsion to topological field theories.
Z 2 -graded elliptic complexes
Let X be a smooth closed manifold of dimension n and E = E0 ⊕ E1, a Z 2 -graded vector bundle over X. (We usek to denote the integer k modulo 2.) Suppose D : Γ (X, E) → Γ (X, E) is an elliptic differential operator which is odd with respect to the grading in E and satisfies
and D1 : Γ (X, E1) → Γ (X, E0) are differential operators such that D1D0 = 0 and D0D1 = 0. Furthermore,
is a Z 2 -graded elliptic complex, which we denote by (E, D) for short. Its cohomology groups are
It follows from the Hodge theorem for elliptic complexes as will be explained shortly that they are finite dimensional. We call
the Betti numbers of the Z 2 -graded elliptic complex. Its index or Euler characteristic is χ(X, E, D) = b0(X, E, D) − b1(X, E, D).
We choose a Riemannian metric g on X and an Hermitian form of type h = h0 h1 on E = E0 ⊕ E1. Then there is a scalar product ·, · on
, where
We generalize the construction in §2 of [13] . Recall that the zeta-function of a semi-positive definite self-adjoint operator A (whenever it is defined) is
where Tr ′ stands for the trace restricted to the subspace orthogonal to ker(A). If ζ(s, A) can be extended meromorphically in s so that it is holomorphic at s = 0, then the zeta-function regularized determinant of A is
If A is an elliptic differential operator of order d on a compact manifold X of dimension n, then ζ(s, A) is holomorphic when Re(s) > n/d and can be extended meromorphically to the entire complex plane with possible simple poles at { n−l m , l = 0, 1, 2, . . . } only [20] . Moreover, the extended function is holomorphic at s = 0 and therefore the determinant Det ′ A is defined for such an operator. We return to the setting of the Z 2 -graded elliptic complex (E, D) in §1. As in [13] , we consider the partial Laplacian
Dk) is holomorphic in the half plane for Re(s) > n/d and extends meromorphically to C with possible simple poles at { n−l d , l = 0, 1, 2, . . . } and possible double poles at the negative integers only, and is holomorphic at s = 0.
Proof. Let P = P0 P1 be the projection onto the closure of im
As DD
† and L are equal and invertible on (the closure of) im D, we have
which implies that P (and hence P0, P1) is a pseudo-differential operator of order 0. Moreover, for k = 0, 1,
By general theory [10, 9] 
Here c −1 (Pk, Lk) = 1 d res(Pk), where res(Pk) is known as the non-commutative residue of Pk [21, 11] . Since Pk is a projection, res(Pk) = 0 [21, 3, 8] . Therefore
The scalar product on Γ (X, Ek) restricts to one on the null space of the Laplacian,
be an oriented orthonormal basis of Hk(X, E, D) and let ηk = νk ,1 ∧ · · · ∧ νk ,bk , the unit volume element. Then
Functorial properties of the analytic torsion
We summarize some properties of the analytic torsion of Z 2 -graded elliptic complexes, generalizing those of the Ray-Singer torsion [16] and of the torsion of the twisted de Rham complex [13] . We omit the proofs as they are similar.
Suppose X is a compact, closed, oriented Riemannian manifold and E 1 , E 2 are two Z 2 -graded Hermitian vector bundles over X. Then E 1 ⊕ E 2 is also a Z 2 -graded vector bundle with (
defined in the obvious way. We have the following Proposition 3.1. Under the natural identification of determinant lines,
′ is a covering of compact, closed, oriented manifolds (with finite index). Choose a Riemannian metric on X ′ , which pulls back to one on X. Let E → X be a Z 2 -graded Hermitian vector bundle. Then the vector bundle
is also Z 2 -graded and has an induced Hermitian form. There is a natural isometry
Under the natural identification of determinant lines,
Finally, suppose X i (i = 1, 2) are closed, oriented Riemannian manifolds and 
Invariance of the torsion under deformation of metrics: the odd dimensional case
We note that the operator D, or D0 and D1 in the Z 2 -graded elliptic complex (E, D) are not dependent on the metric. However, the corresponding partial Laplacians
D1 do depend on metric, and therefore a priori, so does the analytic torsion τ (X, E, D). In this section, we study the dependence of the analytic torsion on the metrics and prove that for closed, oriented odd-dimensional manifolds X, the torsion τ (X, E, D) is independent of the choice of metric.
Suppose we change the metric g on X and the Hermitian form h on E to g u and h u , respectively, along a path parameterized by u ∈ R. Although the torsion τ (X, E, D) is an element of the determinant line det H
• (X, E), its variation
makes sense as a function of u. For any u, the Hermitian structure ·, · u on Γ (X, E) is related to the undeformed one by
We have the following Theorem 4.1. Under the above deformation of g and h, we have ∂ ∂u log τ (X, E, D) = Str α a n 2 .
In particular, the above is zero if dim X = n is odd. In this case, the analytic torsion τ (X, E, D) is independent of the choice of metric.
Proof. We generalize the proof of Lemma 3.1 in [13] . The adjoint of D with respect
In graded components, this is
omitting the dependence on u on the right-hand side. Then, as P
By the asymptotic expansion of Str(αe −tL ) as t ↓ 0, ). On the other hand, because of the exponential decay of Str α(e −tL −Q) for large t,
is finite and hence
we get
Finally, along the path of deformation, the volume elements η0, η1 can be chosen so that (cf. Lemma 3.3 of [13] )
The results then follow.
When the elliptic complex is the (Z-graded) de Rham complex of differential forms with values in a flat vector bundle, the variation of the torsion can be integrated to an anomaly formula [2] .
Invariance of relative torsion under deformation of metrics: the even dimensional case
When n = dim X is even, the torsion does depend on the metrics g on X and h on E (Theorem 4.1). However, we will prove that the relative analytic torsion defined below is independent of the choice of metric.
We first explain extension by flat bundles. Let Π = π 1 (X) be the fundamental group of X and ρ : Π → GL(m, C), a representation of Π . Then ρ determines a flat bundle F ρ over X given by
where X is the universal cover of X. Smooth sections of F ρ are smooth maps s : X → C m that are Π -equivariant, i.e., s • γ = ρ(γ)s for all γ ∈ Π . We want to extend D to an action on the sections of E ρ = E ⊗ F ρ . Since D is a differential operator, it lifts to the universal cover X as a Π -periodic operator D :
, where E is the pull-back of E to X. By tensoring with the identity operator on C m , we can extend it to D :
Now suppose X is a closed, compact, oriented Riemannian manifold and E is a Z 2 -graded Hermitian vector bundle. Let ρ 1 , ρ 2 be unitary representations of Π of the same dimension m. Then the flat bundles F ρi are Hermitian bundles and so are E ρi = E ⊗ F ρi (i = 1, 2). Furthermore, if (E, D) is a Z 2 -graded elliptic complex as in §1, then so are (E ρi , D ρi ) for i = 1, 2.
Definition 5.1. The relative analytic torsion is the quotient
To show its independence of the metric, let K ρi (t, x, y) denote, for i = 1, 2, the heat kernel of the Laplacians
ρi . Since the Hermitian bundles E ρ1 and E ρ2 , together with the differential operators D ρ1 and D ρ2 are locally identical, the difference in the two heat kernels, when restricted to the diagonal, is exponentially small for small t. More precisely, we have Proposition 5.2. In the notation above, there are positive constants C, C ′ such that as t → 0, one has for all x ∈ X,
where d is the order of the Laplacians.
Proof. Let K(t, x, y) denote the heat kernel of the Laplacian
Then by the Selberg principle, one has for x, y ∈ X, K ρj (t,x,ȳ) = γ∈Π K(t, x, yγ)ρ j (γ), wherex ∈ X stands for the projection of x ∈ X. It follows that
Since ρ i (i = 1, 2) are unitary representations, one has
The off-diagonal Gaussian estimate for the heat kernel on X is [5] 
where d(x, y) is the Riemannian distance between x, y ∈ X. Therefore
By Milnor's theorem [14] , there is a positive constant C 3 such that d(x, xγ) ≥ C 3 ℓ(γ), where ℓ denotes a word metric on Π . Moreover, the number of elements in the sphere S l of radius l in Π satisfies #S l ≤ C 4 e C5l for some positive constants C 4 , C 5 . Therefore
for all t such that 0 < t ≤ 1 for some positive constant C ′ . Since 
−1 is independent of the choice of metric.
Proof. By Theorem 4.1, under a one-parameter deformation of the metric, . Therefore the change in relative torsion is zero.
Analytic torsion of flat superconnections
The concept of superconnection was initiated by Quillen, cf. [15, 12, 1] . Let X be a smooth manifold and F = F0 ⊕ F1, a Z 2 -graded vector bundle over X. Then the space Ω (X, F) of F-valued differential forms has a Z 2 -grading with
A superconnection is a first-order differential operator A on Ω (X, F) that is odd with respect to the Z 2 -grading and satisfies
|α| α ∧ As for any α ∈ Ω (X) and s ∈ Ω (X, F). The bundle End(F) is also Z 2 -graded and A extends to Ω (X, End(F)). The curvature of the superconnection is F A = A 2 ∈ Ω (X, End(F))0. It satisfies the Bianchi identity AF A = 0. A superconnection A is of the form A = ∇ + A, where ∇ is a usual connection on F preserving the grading and A ∈ Ω (X, End(F))1. Thus the superconnections form an affine space modeled on the vector space Ω (X, End(F))1.
The superconnection is flat if F A = 0. In this case, writing A =
A1 A0
, there is a Z 2 -graded elliptic complex
We can define the cohomology groups Hk(X, F, A), k = 0, 1. In fact, this is a special case of §1 with E = ∧T X ⊗ F and D = A. If X is a closed, compact, oriented Riemannian manifold and F is an Hermitian vector bundle, then we can define the analytic torsion of a flat superconnection as τ (X, F, A) = τ (X, E, D) ∈ det H
• (X, F, A) with the above choice of (E, D). The functorial properties ( §3) and invariance under metric deformations ( §4, 5) hold in this case.
We consider a special case when F = F0 and F1 = 0. Then Ω (X, F)k = Ωk(X, F) for k = 0, 1. A superconnection is of the form ∇ + A, where ∇ is a usual connection on F and A ∈ Ω1(X, End(F)). Suppose A is of degree 3 or higher. Then the superconnection is flat if and only if ∇ is flat and ∇A + A 2 = 0. When A is of the form A = H id F for some H ∈ Ω1(X), the above condition on A becomes dH = 0 and the Z 2 -graded elliptic complex is the twisted de Rham complex (Ω (X), d+H∧·). Its analytic torsion τ (X, F, H) was studied in [13] . Among other properties, the latter is also invariant under the deformation of H by an exact form when X is odd dimensional; the rest of the section will be devoted to generalizing this property to the analytic torsion of flat superconnections.
We return to the general case of a flat superconnection A over a graded vector bundle F. Suppose G ∈ Ω (X, End(F))0 is point-wisely invertible. Then A ′ = G −1 AG is another flat superconnection on F; we say that A ′ is gauge equivalent to A. There is an isomorphism of cohomology groups
, and hence of the corresponding determinant lines, induced by G. Now suppose A is deformed to A v along a path parameterized by v so that each A v is gauge equivalent to A via G v . Let
∈ Ω (X, End(F))0.
Theorem 6.1. Under deformation of A by gauge equivalence and the natural identification of determinant lines, we have ∂ ∂v log τ (X, F, A) = Str β a n 2 .
If dim X = n is odd, then the above is zero. In this case, the analytic torsion τ (X, F, A) is invariant under gauge equivalence.
Proof. Under the deformation, we have
The component of β in Ω1(X, End(F)1) does not contribute to the trace or supertrace, whereas that in Ω0(X, End(F)0) is even in the degree of differential forms. Following the proofs of Lemmas 3.5 and 3.7 of [13] , we get the desired variation formula upon a suitable choice of volume elements and identification of determinant lines under the deformation; the rest follows easily.
If dim X is even, a relative version of analytic torsion (cf. §5) is invariant under gauge equivalence.
Analytic torsion of twisted Dolbeault complexes
Let X be a connected, closed, compact complex manifold and F, a holomorphic vector bundle over X. Denote by Ω p,q (X, F) the space of smooth differential (p, q)-forms on X with values in F. A holomorphic connection on F can act on Ω p,q (X, F) and splits uniquely as ∂ F +∂ F , where Let Ω p,0 (X, F), Ω p,1 (X, F) be the space of differential forms that is of degree p in the holomorphic part and of even, odd degree, respectively, in the anti-holomorphic part. Consider a differential form H ∈ Ω 0,1 (X) that is∂-closed, i.e.,∂H = 0. Let ∂ F,H =∂ F + H ∧ · . We call H a holomorphic flux form and∂ F,H , the Dolbeault operator twisted by H. Setting∂k =∂ F,H acting on Ω p,k (X, E) for k = 0, 1, we have∂1∂0 =∂0∂1 = 0 and a Z 2 -graded elliptic complex, which we call the twisted Dolbeault complex
We define the twisted Dolbeault cohomology groups as
Like in [18, 13] , if the degree of H is 3 or higher, there is a spectral sequence whose E 2 -terms are H p,• (X, F) converging to H p,• (X, F, H). If H ′ and H differ by a∂-exact form, then there are natural isomorphisms
The above construction is the holomorphic counterpart of the twisted de Rham complex studied in [18, 13] . Holomorphic flux forms arise naturally in a number of prominent situations. Suppose that X is a Calabi-Yau manifold of an odd complex dimension n. Then the canonical bundle of X is trivial, i.e., there is a nowhere zero section Ω which satisfies ∂Ω = 0. Here H = Ω ∈ Ω 0,n (X) is∂-closed. Another example comes from holomorphic gerbes (or holomorphic sheaves of groupoids).
The 3-curvature of a holomorphic curving on a holomorphic gerbe on a complex manifold X is a closed holomorphic 3-form Ω on X (cf. [4] , 5.3.17 part (4)). Again, H = Ω ∈ Ω 0,3 (X) is∂-closed. The twisted Dolbeault complex is also a special Z 2 -graded elliptic complex (E, D)
Suppose X is closed and compact. Given a Riemannian metric on X and an Hermitian form on F, we have the analytic torsion of the twisted Dolbeault complex (cf. §2)
with the above choice of (E, D). It is satisfies the functorial properties in §3. Since X is always of even (real) dimension, only a relative version of the analytic torsion for the twisted Dolbeault complex is independent of the metric. We conclude from Theorem 5.3 the following Corollary 7.1. Let F be a holomorphic vector bundle over a compact complex manifold X. Suppose H ∈ Ω 0,1 (X) is∂-closed. For two flat bundles on X given by the representations ρ 1 , ρ 2 of π 1 (X) of the same dimension, the relative twisted holomorphic torsion τ (X, F ρ1 , H) ⊗ τ (X, F ρ2 , H) −1 is invariant under any deformation of H by an∂-exact form, up to natural identification of the determinant lines.
For a non-trivial example of twisted holomorphic torsion, consider the compact Calabi-Yau manifold T × M , where T is a compact complex torus of dimension 1 and M is a K3 surface. Let L = L u,v be a flat line bundle over T defined by the character χ u,v (m, n) = exp(2π
where τ (with Im τ > 0) be the complex moduli of T . Here the theta function is defined as
where ǫ k = sign k + 
Let H =ᾱ ∧λ, where α is a holomorphic 1-form on T and λ a holomorphic 2-form on M . By perturbation theory [6] , one has,
where o(H) → 0 as H → 0. Therefore τ 0 (T × M, L, H) non-trivial whenever |H| is sufficiently small.
Relation to topological field theories
In [19] , a topological field theory of antisymmetric tensor fields were constructed and the partition function is shown to be equal to the Ray-Singer analytic torsion. The metric independence of the torsion is an evidence that the quantized theory is topological invariant. In this section, we extend the relation to twisted analytic torsion by constructing topological field theories that contain a coupling with the flux form.
Suppose X is a compact, oriented manifold of dimension n and H is a flux form, a closed differential form of odd degree. For k = 0 or 1, we define a theory whose action is 
where B (1) , C (1) can be any forms whose degrees have opposite parity with B, C, respectively. The phase space is the space of solutions to the equation of motion modulo the gauge transformations. In this case, it is H n−k (X, −H) ⊕ Hk(X, H), expressed in terms of the de Rham cohomology groups twisted by the fluxes ±H.
To quantize the theory, we consider the partition function Moreover, we can choose B (1) , C (1) ∈ Ω1(X) to be of degree 2l − 1 or less. Further redundancies in B (1) , C (1) are described by a hierarchy of gauge transformations
where B (i) , C (i) ∈ Ωī(X) are of degree 2l − i or less, for 1 ≤ i ≤ 2l − 1. The Faddeev-Popov procedure yields the determinant factors
Taking into account the contribution of the zero modes, the partition function is
Here τ (X) ∈ det H • (X) is the classical Ray-Singer torsion [16] . The independence of the partition on the metric indicates that the quantum theory is also metric independent although it is necessary to use a metric in the definition.
It would be interesting to construct topological field theories when the flux form H is of an arbitrary degree, when the manifold has a boundary [22] , and those related to the analytic torsion of other Z 2 -graded elliptic complexes such as the twisted Dolbeault complex.
